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Abstract 
Interactions between two parametrically coupled self-excited oscillators are analysed in the paper. Self-excitation of 
each oscillator is defined by different functions, van der Pol’s or Rayleigh’s, while stiffness is assumed as a nonlinear 
Duffing’s type term. The oscillators are coupled by a spring with periodically changing in time stiffness. Regular 
vibrations of the system, characteristic bifurcation points and the synchronisation regions are investigated by the 
analytical multiple scale of time method near the frequency locking zones corresponding to the principal parametric 
resonance. The results are verified numerically. Regions of possible chaotic motion are determined by direct 
numerical simulations. The Lyapunov’s exponent criterion is used for classification of different types of motion.  
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1. Introduction 
Self- and parametrically excited vibrations can occur in the nature or in dynamical systems produced 
by men. A characteristic feature of self-excited vibrations is that a constant input signal can produce 
periodic output. Vibrations arise without periodic excitation but due to internal properties of the system. 
The energy supply is self-controlled by the system. The mathematical model is represented by 
homogenous and autonomous differential equations and solutions (trajectories) are observed by limit 
cycles on the phase plane. Vibrations of a heart [1], biological populations, playing violin, flutter 
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vibrations of airplane wings, chatter vibrations in manufacturing processes or shimmy of car's wheels are 
classical examples of self-excited systems.  
Parametric vibrations are caused by another mechanism. They are produced by parameters periodically 
varying in time, for example by periodically changing stiffness or mass moment of inertia. 
Mathematically they are represented by homogenous but non-autonomous differential equations. 
Parametric vibrations occur in many structures e.g. gear boxes, crank-piston systems, rotors of electric 
machines, compressed bars etc. A very important feature of parametric vibration is that for some 
parameters, a trivial solution becomes unstable and the system begins to vibrate with very high amplitude. 
These regions are called parametric resonances.  
Both mentioned above vibrations are well-known and deeply investigated in the literature [2], 
nevertheless separately. Since self-excited and parametric vibrations are common in the nature and in the 
technology, we can imagine that in some systems they can occur together at the same time. Then 
interactions between different vibration types occur [3]. The analysis of a one-degree-of-freedom system 
of self- parametrically and externally excited vibrations is presented in [4, 5]. The interactions between 
vibrations result in quasi-periodic motion, which is composed of two oscillations having 
incommensurable frequencies. Nevertheless, near the parametric resonances, the system vibrates 
periodically. That region is called synchronisation or frequency locking because self- and parametric 
frequencies synchronise and the system vibrates with single frequency. Interactions between self-, 
parametric and external excitations for a two degree of freedom model have been presented in [6]. If 
external and parametric frequencies have been tuned 1:2 then a new dynamic phenomenon has been 
observed. In the frequency locking zone additional solutions, represented by the internal loop, have been 
found. It has been proved that inside the synchronisation region even five steady states are possible, but 
only two of them are stable.  
Self-excitation of dynamical systems is very often modeled in the literature by van der Pol’s or 
Rayleigh’s functions. They are treated as equivalent. If they interact with the parametric excitation and the 
system is weakly nonlinear, we observe similar dynamics. However, as it has been shown in [7] for one 
degree of freedom system with  strong nonlinear terms van der Pol's and Rayleigh's models produced 
different results. Van der Pol’s model has shown transition to chaos while parametric excitation has been 
increased. But, in contrast, the equivalent Rayleigh’s model has not shown that tendency. Problem of 
nonlinear normal modes coupling for a system with self- parametric and external excitations has been 
presented in [8] and the influence of an energy source on its dynamics in [9]. 
The present work deals with vibrations of two coupled oscillators which have different self-excited 
terms: van der Pol’s or Rayleigh’s. Interaction of different vibrations types, bifurcation scenarios and a 
transition from regular to chaotic dynamics are the main purposes of the paper. 
2. Model of the vibrating system 
The model of the vibrating system is composed of two oscillators consisting of nonlinear springs and 
nonlinear dampers (Fig.1). The dampers represent self-excitation of the system and for each oscillator 
they are described by different functions: for the first oscillator by Rayleigh’s function and by van der 
Pol’s for the second. Taking the natural frequency of the first oscillator 1 1 1/k mZ  , we introduce 
dimensionless time 1tW Z , and dimensionless coordinates 1 1 0/X x x , 2 2 0/X x x , where 
0 1 1/x m g k  is a static displacement of the first oscillator. Then the differential equations of motion take 
the form  
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Fig. 1. Model of coupled self-excited oscillators driven by parametric excitation 
The dots indicate derivatives with respect to dimensionless timeW . Note that a formal small parameter H  
is also introduced in (1) and all parameters with ‘tilde’ are expressed by this formal small parameter. 
Functions 1dF , 2dF  represent Rayleigh and van der Pol dampings and are defined as: 
2
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To get analytical solutions motion of the system is transformed to quasi-normal coordinates 1Y  and 2Y   
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  are mode vibrations coefficients. Equations (1) expressed 
in quasi-normal co-ordinates have the form 
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are respectively Rayleigh’s and van der Pol’s damping terms. The parameters introduced in the above 
transformation have following definitions 
21 22
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For 0H   Eqs. (4) are decoupled into two independent equations. However, in the considered case H  is 
assumed to be small and positive, what means that the system is weakly coupled in the further analysis.  
3. Analytical solutions and regular vibrations 
Due to nonlinearity, the solutions of the set of coupled Eqs.(4) can be determined by approximate 
methods only. For a weakly nonlinear system (small and positive value of H ), solutions nearby the main 
parametric resonances are found by application of the multiple scale of time method [2]. The resonance 
condition around the first natural frequency 1p  can be written as:  
 2 21 1p- HV   (5) 
where 1V  is a frequency detuning parameter. Besides we assume that the natural frequencies ratio 
2 1 21/p p Q  is not a natural number. It means that the internal resonances are excluded. Eqs. (4) is written 
as 
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The approximate solution in the first order approximation is expressed in a power series of the small 
parameter  
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where: 0T  and 1T  are fast and slow scales of time defined as: 0T W , 1T HW . Then dimensionless time 
derivatives have the form:  
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Symbols mnD  denote m derivative with respect to n scale of time, m and n are natural numbers. 
Substituting the above solutions into (4) we obtain equations in consecutive perturbation orders 
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1H  perturbation 
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where: 
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Around the first natural frequency, the first natural mode dominates therefore solutions of Eqs. (8) is 
assumed in the form  
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where 1i    is an imaginary unit and 11A  means complex amplitude. Note that in the zero order 
approximation, the second natural mode is assumed to be zero. Substituting solutions (10) into (9) and 
eliminating the secular generating terms we get 
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damping in the first oscillator, and  van der Pol’s damping in the second oscillator. Complex variables 11A  
and 11A  are expressed in the polar form  
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where a and ) are vibrations amplitude and phase. Substituting (12) into (11) and separating real and 
imaginary parts we get the first order differential equations for amplitude and phase 
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In a steady state, 0, 0a  )   , thus equations (13) allow determining the resonance curve  
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The influence of self-excitation is included in terms: 
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The equation (14) has trivial ( 0a  ) and non-trivial ( 0a z ) solutions. Substituting in (14) 0a   we get 
an equation which determines bifurcation points of trivial into nontrivial solutions 
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These bifurcation points are independent of the self-excitation type (parameter E  does not occur). 
Moreover, if we assume the same values of parameters D , 1 2D D , then we can find a condition for the 
bifurcation points existence    
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The bifurcation points depend on the ratio of parametric and self- excitations (parameters P and D1).  
4. Regular motion. Example results 
Example calculations have been done for the following data 
 1 1 2 2 1 2 2 120.01, 0.05, 0.01, 0.05, 0.2, 0.1, 0.1, 0.5, 1, 0.3MD E D E P J J G G           (17) 
Parameters used for coordinates’ transformation take values: 
 1 2 21 22
1 2 1 2
0.766, 1.168, 4.754, 0.421
0.192, 0.919, 0.0813, 1.112, 0.112
p p O O
F \ \ K K
    
      
 (18) 
Resonance curves of the main (principal) parametric resonance in the neighbourhood of the first and the 
second natural frequencies p1 and p2 are presented in Fig.2. Analytical results (AR) are drawn in quasi-
normal coordinates. Stable and unstable solutions are plotted by solid and dashed lines respectively. The 
solutions obtained from a direct numerical simulation (RKG) are marked by points. We can mention two 
types of vibrations in the neighbourhood of the principal parametric resonance. Quasi-periodic motion, 
demonstrated by modulated amplitudes, is denoted by vertical lines in Fig.2. The lines correspond to 
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maximal and minimal values of modulated amplitude. On the Poincaré map this motion is represented by 
a quasi-periodic limit cycle and can be interpreted as a result of the strong influence of self-excitation.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. The main parametric resonance curves near natural frequencies p1 (a) and p2 (b)  
 
 
 
 
 
Fig. 3. Bifurcation diagrams versus frequency - for generalised coordinates X1 (a) and X2 (b), P=0.2  
Approaching the resonance region the modulation of amplitude increases and, after the second kind of 
Hopf’s bifurcation, the system transits from quasi-periodic to periodic motion. In this point 
synchronisation phenomenon is observed. Parametric vibrations dominate while the influence of self-
excitation vanishes. There are no limit cycles on the Poincaré section in this region. Excape from the 
resonance zone is observed by a jump from periodic to quasi-periodic motion (vertical lines with arrows 
in Fig.2). At the end of the synchronisation region the response of the system depends on the initial 
conditions (hysteresis effect). For  0.81, 0.85-   in Fig.2(a) and  1.22, 1.25-   in Fig.2(b), both, as 
well periodic as quasi-periodic vibrations coexist. 
The main resonances around the first p1 and the second p2 natural frequencies, obtained from direct 
numerical simulation of Eqs. (1) are plotted in generalised coordinates on bifurcation diagrams in Fig.3 
and marked by numbers 1 and 2, respectively. The dark area corresponds to quasi-periodic motion with 
the nature of self-excitation. Near the parametric resonances an increase of amplitude and then the 
synchronisation effect is observed (curves No.1 and No.2). For a weakly nonlinear system, vibrations in 
the synchronisation areas near the natural frequency p1 and p2 are manifested mainly by the first and the 
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second vibration modes. Nevertheless, between those resonances, the combination resonance appears 
(No.3). This different kind of resonance arises from two modes coupling and is not analysed in this paper.  
5.  Transition to chaotic motion 
If the system is strongly nonlinear, the solutions cannot be approximated by analytical method. 
Therefore, in this case, only numerical methods can be applied. The increase of the parametric excitation 
P leads to strong coupling of the system. Bifurcation diagrams in Figs. 4(a), (b) present changes of 
generalised  X1 and X2 coordinates versus P parameter for 1-   with rest parameters as in (17) and (18). 
 
 
 
 
 
 
 
 
Fig. 4. Bifurcation diagrams of generalised coordinates X1 (a) and and Lyapunov’s exponents diagram (b) versus parametric 
excitation P; mixed Rayleigh-van der Pol model 
Table 1. Attractor types and their Lyapunov exponents 
 
For small value of bifurcation parameter P (0, 0.75) the system vibrates quasi-periodically (dark area in 
Fig.4) and after the second kind of Hopf’s bifurcation, in the interval P (0.75, 4.15), the synchronisation 
phenomenon occurs. This result is in accordance with the results presented in the previous section. 
However, near P=4.15, if the coupling is very strong, the first period doubling takes place. Further 
increase of the parameter leads to the cascade of period doubling bifurcations (P # 5.3) and then to chaotic 
motion of the system P (5.3, 6.2).  
The way-out from the chaos follows the boundary crisis bifurcation. The Lyapunov’s exponents’ 
diagram in Fig.4 (b) presents clearly regions of quasi-periodic motion, the synchronisation, and transition 
to chaos with positive value of the maximal exponent. Taking into account the Lyapunov’s exponent 
criterion, classification of different possible motions is proposed in Table 1. In the classification four 
Lyapunov’s exponents are taken into account. The fifth, connected with time coordinate, equals always to 
zero and is treated as trivial (not classified). In the considered coupled oscillators we can distinguish: 
periodic motion with all exponents negative, quasi-periodic of the first type with one exponent equal to 
Attractor’s type  O1 O2 O3 O4 
Periodic -0.136 -0.136 -0.184 -0.184 
Quasi- periodic I 0 -0.046 -0.046 -0.05 
Quasi- periodic II 0 0 -0.002 -0.059 
Chaotic +0,202 -0.528 -0.996 -3.304 
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zero and three negative ones, quasi-periodic of the second type with two exponents equal to zero and two 
negative, chaotic motion with one exponent positive.  
 
 
 
 
 
 
 
 
 
 
Fig. 5. Bifurcation diagram of generalised coordinates X1 (a) and maximal Lyapunov’s exponent diagram (b) versus parametric 
excitation P; coupled Rayleigh’s oscillators 
 
 
 
 
 
Fig. 6. Bifurcation diagram of generalised coordinates X1 (a) and maximal Lyapunov’s exponent diagram (b) versus parametric 
excitation P; coupled van der Pol’s oscillators 
Comparing results for the two coupled Rayleigh’s oscillators (Fig.5) or two van der Pol’s oscillators 
(Fig.6) we notice similarities to Fig.4. There are intervals of quasi-periodic motion, the synchronisation 
and chaos areas. However, the highest tendency in maintaining regular motion is observed for coupled 
Rayleigh’s oscillators where the transition to chaos appears only if the parameter P  is over 10 
( 10.45P | ). The intervals of quasi-periodic and periodic (synchronised) motions are the widest, what is 
visible on the bifurcation diagram in Fig.5(a) and the maximal Lyapunov’s plot in Fig.5(b). 
Two coupled van der Pol’s oscillators begin chaotic oscillations if parametric excitation P  reaches 
value over 2.14P | , which is  the lowest threshold of chaos activation comparing with two Rayleigh’s or 
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mixed Rayleigh-van der Pol’s models. Two coupled van der Pol’s oscillators present the highest tendency 
in the transition to chaotic vibrations. 
6. Summary and Conclusions 
Interactions between two parametrically coupled oscillators with self-excitations lead to the 
synchronisation phenomenon, which occurs after Hopf’s bifurcation of the second type. Near the 
parametric resonances self- and parametric oscillations synchronise and the system vibrates with only 
single frequency. This effect has been obtained for the mixed Rayleigh – van der Pol model of self-
excitation and for the two coupled van der Pol’s or two coupled Rayleigh’s oscillators. The increase of the 
parametric excitation transits the system, after the cascade of period doubling bifurcations, from a quasi-
periodic via periodic to a chaotic motion, and then after the boundary crisis bifurcation the model goes 
from chaos to periodic motion. Introduced in the paper criteria of classification of motion, based on the 
Lyapunov’s exponent, allow determining all possible oscillation of the system i.e. periodic, quasi-periodic 
of the first type, quasi-periodic of the second type and chaotic. Van der Pol’s oscillators demonstrate the 
highest tendency in the transition to chaotic motions. 
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